This study co mmences by demonstrating the important role played by the dispersion surfaces in the determination of the far fi e lds of an infinitesimal dipole in a lossless, cold magn eto· ionic medium. The dispersion surfaces are then classified, according to th eir shapes, for differe nt ranges of the plasma parameters. A comprehe nsive group of radiation patterns is the n given including far fi elds for eac h of the fourtee n classified range s of the plasma parameters.
Introduction
In recent years considerable attention has been directed towards the study of radiation from sources in anisotropic media of an infinite homoge neous nature . It is of great interest to study the case of a cold lossless medium for different combinations of electron density and applied steady magnetic field. The Appleton-Hartree equation constitutes the mathe matical description of the "plasma" that is often used in this analysis. This problem has bee n studied exte nsively [Bunkin, 1957; Kuehl, 1960; Arbel, 1960; Arbel and F else n, 1963; Kogelnik and Motz, 1963; Wait, 1964] . Of more specific interest are the far fields of an infinitesimal dipole. Analytic expressions for the asymptotic fields have been available for some time in the literature cited above but no extensive numerical calculations have been made for the far field patterns of a short dipole. It should be noted that Arbel and Felsen [1963] have numerically computed the "pattern factors" of the individual ray contributions for the longitudinal electric dipole. The "pattern factors" were calculated for 8 different sets of the parameters X and Y in the general vicinity of X = 1, Y = 1 and the ordinary and extraordinary "patterns" are shown, but not the total field patterns.
The purpose of this study is to briefly summarize Kuehl's method of calculation, to de monstrate the important role the dispersion surfaces play in the calc ulation of the far fields and to classify these various types of dispersion surfaces according to specific ranges of the plasma parameters. Explicitly, these parameters are the electron de nsity, applied ste;idy magnetic field and frequency, which may be conveniently repres ented in terms of the dimensionless parameters X and Y, to be defined later. The study embraces infinite, anisotropic, homogeneous media and treats only the lossless case of a cold plasma. Th e paper includes a brief description of numerical calculation techniques, and the study co nclud es with the presentation of the far field patterns of an infinitesimal, longitudinal electric dipole calculated for several different combinations of the plasma parameters. The far field patterns are shown in spherical coordinates for the ordinary and extraordinary wave contributions, as well as the total field patterns.
Theoretical Considerations
Ma~well's equations in an anisotropic homogeneous medium with a relative permittivity dyadi c K and free space permeability 11-0 are
where E and Ii are electric and magnetic field vectors, Tis the current density, and w is the angular frequency. A harmonic time depende nce of ei w1 is assumed.
In a plasma with a z·directed steady magnetic field, the relative permittivity dyadic K is of th e form where
WN=-W/-/=--a posItIve num er. Taking curl of (2) and using (1), obtain A general solution of (4) may be expressed as
where fer, r') is the dyadic Green's function, the integration being performed over the volume v containing the source currents. Note that
wh ere U is th e unit d yadi c, a nd 8(7) is the three-dim e nsional Dirac delta funct ion. S ub s titutin g (5) a nd (6) into (4) an d usin g o me well-known vec tor ide ntiti es we obtain th e fo ll owin g eq ua ti o n sa ti sfi ed b y th e d yadi c Gree n's fun ction:
Now defin e the three-dime nsional Fourier transform pair:
Transformin g (7) and letting (8) one obtain s Premultipl ying by M-J and takin g the inve rse Fourier tra nsform one obtain s :
p where M-J = -=-.
IMI
Re mov in g P outs ide th e integral in its operator form, 75, we have (10) (11) where Sz and t z are th e roots of IMI = 0 [Allis e t a!. , 1963] . Next consider the asymptoti c e valu atio n of the integral appearing in (10). Let (12) Integrate the above equation over K z using the calculus of residu es a nd tran sform th e x, y , z system to a r, e, 1> spherical coordinate sys te m. Also the tran sform variables K :c a nd Ky ca n be transformed into a polar coordinate sys te m, p, {3. After integratin g over {3 th e re mainin g integral can be e valua ted us ing the saddle point method for la rge kor, th e res ult being that asy mptoti cally
were mn -
Note that if nm is imaginary, e-ixmnko r decays exponentially and there will be no far field; n'mn and n:';n denote the first and second derivative of nm respectively, evaluated at I/Imn. Here
nm(I/I), m = 1, 2 (ordinary, extraordinary), are the two dispersion curves and the saddle point condi-
, m= 1, and 2, i.e., ;1/1
Equation (16) may have more than 1 solution, and these solutions can be identified by I/Imn where n may be 1,2, or 3, depending on the shape of th~nm curves. The details of this evaluation are to be found in Kuehl [1960] .=_The dyadic operator D must now be evaluated in the coordinate system (r, (J, cf», to finally yield f(r), the Green's dyadic, which can be regarded as a 3 X 3 matrix.
To calculate the far fields of a z-directed infinitesimal dipole only three of these 9 components need be calculated. They are where
The infinitesimally small dipole of dipole moment p located at the origin yields an electric field given by (21) This eq~tion may be employed to calculate the far field patterns after inserting the asymptotic form of f(;:) in (21).
Refractive Index Surfaces
As was demonstrated in the previous section the refractive index surfaces, nm(I/I), m = 1, 2, play an important role in the determination of the far fields of a source in a plasma. It is neces-sary to have a de sc ripti on of th e refractive ind ex s urfaces for eac h mode of propaga tion. The shape of these surfaces is a fun c tion of the dime nsionl ess parame te rs X and Y whi c h are used to describe the lo ssless (Z = 0) medium. These surfaces are s urfaces of re voluti on about an axis parallel to the directi on of the imposed steady magne tic field. Thu s two-dime nsion al plots of the c urves, whi c h are c ross sec tions of the surfaces in an axial plan e, se rve to d escrib e the co mplex refractive index s urfaces . Another form of (15) 
These are the curves which describe the above surfaces for a lossless anisotropic cold pl as ma.
It is common practice [Ratcliffe, 1962] to associate the subscript m = 1 with the + sign and the nomenclature 'ordinary wave', and m=2 with the -sign and the 'extraordinary', in the los sless case. For the lossless case n;n(t/J) is always real for all values of t/J. It should also be noted
Consequently one need only calculate nm(t/J) for o , , ; ; ; t/J ,,;;; 7Tj2, the rest of the curve being obtained from the above relations. From the last section it is seen that the asymptoti c far fields on an infinitesimal dipole are expressible in te rm s of nll/(t/J), and its first and second de rivatives e valuated at the saddle points. Deschamps and Kesler [1964] have rece ntly shown that the far fields of a source in a magn etoplas ma may be ex presse d by (23) whe re h is the Gaussian radiu s of c urvature of th e refractive ind ex s urfaces, ...4'is a sin gle vec tor re prese nting elec tri c a nd magn e ti c so urce c urre nt d e nsiti es, Il". is th e magne ti c eige nvec tor and
F\.(r)
is the characteristic (source-free) field vector. The important point to note is that the Gaussian radiu s of c urvature of th e refractive ind ex s urfaces is a dominatin g factor in the de te rmination of th e far fi eld s [see also Lighthill, 1960) .
It is thu s desirable to have a ge ne ral knowl edge of th e characteri s ti c s hapes of the nll/ (~J) c urv es that will b e ge ne rated by diffe re nt co mbinations of electron de nsity and impose d s teady magn etic field . Clemmow and Mulally [1955J, have classified th e refractive ind ex c urv es into eight di stin c t types, according to certain features of th eir shapes. These will he nceforth b e refe rred to as th e characteristic s hapes. Th e region s of the X-Y plane to whi c h th ese c harac te ri sti c s hap es co rrespond were given analytically. This classification is extended and clarified somewhat in this study.
The graph of figure 1 For a given value of m there may exist more than one saddle point, that is, more than one solution to (16). There can be either one, two, or three saddle points for a given m. The existence of ~ore than one saddle point occurs for some values of () only for curves containing points of inflection, i.e., those curves numbered 2, 4, 6, and 8. When these curves are encountered there will be a merging of two saddle points at the point of inflection for some value of () and the single saddle point asymptotic evaluation is no longer valid; one must resort to the double saddle point method of evaluation which involves the Airy integral type of representation [Arbel and Felsen, 1963] .
It is to be noted that the present study extends Clemmow and Mulally's [1955] description only in that the ordinary and extraordinary waves are associated with the characteristic shapes of the refractive index curves of each of the 14 regions of the X-Y plane. Furthermore, the diagram of figure 1 facilitates easy identification of the characteristic shape of the dispersion surface for any value of X and Y.
Numerical Calculations
The num eri cal calc ul a ti o n of th e far fi eld s of a z·direc ted di pole, i.e ., ] = 20 (-;), was c arried out in four' se para te s tages, for se ve nte en' different se ts of (X, Y) as s how n o n th e graph of th e X-Y pla ne e'm braci ng: all th e fou rtee n regions.
(a) C omp utation of refrac ti ve index c urves was don e o n th e Univ ersit y of Illin ois IBM 7094 co mp ute r using (22) . Th e c urves nt(lji) and n~( lji) were th e n plo tted. Th e re al valu es of nl/I( lji) indi cate propaga tion while 'i maginary values indicate c utoff, as see n in (14b). .
(b) Compu tation of th e saddle points was accomplished by u sing a geometrical co nstru c ti o n [Mittra and Deschamps, 1963] for the solution of (16) and the n iteratin g to obtai n mo re prec ise so luti ons by the Newton-Rap hson method. The iterated saddle points were then used as input data to th e program for the comp uta tion of the far fields.
(c) The saddle point soluti ons ljim/t for a fixed angle 8 we re used in (17) through (21) to co mpute th e electri c field whi c h was th en transformed into s ph e ri cal com p onents .
(d) In certain cases (whe re lji'l/II = 8) at (j = 0 a nd rr/2 (14a) is an indetermin ate form. A modifi ed approac h for th e calculation of AI/III as give n by Ku e hl [1 960] is the n e mployed.
Thro ughout the calc ulation kor = 100 was used . It s hould be pointed out that in gene ral th e total fi eld s ma y be quite dependent on th e mag nitud e of kor sin ce it affec ts th e ph ase be twee n th e ordi nary a nd extraord in ary wav es . This is see n in (13). In so me cases th e individu al ordinary a nd extrao rd in ary compon e nts of th e e lec tri c fi eld be have in a pec uliar fas hi o n, but th e vec tor sum yie ld s to tal fi e lds of a fam ili a r be hav ior. T hi s is es pec ially tru e in th e case of a near-isotropic plasma (se l No.3, fi g. 2). 
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Far Field Patterns
At the e nd of thi s study the far fields of a z·direc ted dipole are given for 17 differe nt combinations of th e plas ma parameters X and Y. These 17 points are shown in figure 1 ; corresponding calc ulated patterns are plotted in figure 2.
The real part of the dispersion surfaces is shown for m = 1 and m = 2, calculated by (22). If one or the other of the dispersion surfaces is imaginary for all e, it is omitted co mpletely and only the dispersion surface and the far fields for the other value of m are shown. Th ese fi eld s ar e also the total fields. Such is the case in sets numbered 12 to 17 inclusiv e ( fig. 2) . Under each di spersion curve are the corresponding ordinary or extraordinary components of the electric field, give n in spherical coordinates. They are designated ERl' E61 , and E d> 1 for the ordin ar y wave co mp o n e n~s and similarly for the extraordinary wave compone nts. Broken lines indicate that thi s co mputati on yields infinities. These infinities occur either whe n the di s pe rsion c urv e co ntain s points of inflection or when it has an open branch that goes to infinity. It s hould be pointed out that the double saddle point method of evaluation was not used at these points of infl ec tion. The totaI'far fields for kor = 100 are shown in the right hand column. All th e fi eld patterns are shown only for O!S; e !S; 7T/2, the rest of th e pattern bei ng found through sy mm e try properties.
It is interes ting to note the behavior of E6T at () = 7T/2 in set no. 4 (fi g. 2), whic h is fairly close to the free space co nditi on. This result s hould be compared with set no. 3 ( fig. 2) . Alth ough the plasma parame ters of set no. 4 ( fig. 2 ) are still near-iso tropic, the far-field patte rn diffe rs interes tin gly from the isotropic pattern.
The be havior of Ed> in se t no. 11 ( fig. 2 ) is interesting 'in that the ordinary a nd extraordin ary co ntributions are smoo th while th eir vector total is "modulated" quite severely. This is a direct co ntras t to E6 . in set no . 3 (fi g. 2) and emp hasizes th e importance of knowing both ordinary a nd extraordinary components as well as the total field s.
As a final comm e nt, it s hould b e observed that the infiniti es whic h arise in thi s evaluati on are removable. As pointed out earli er, th e correc t evalu a ti on of fields at the points of inAec ti on in terms of the Airy Integrals does yield la rge but finit e fi eld s. At the ope n branches of the dispersion c urves, the infiniti es in the fi eld evaluati on may be re moved only by ass umin g a finit e size of dipole with a reasonably smooth curre nt di stribution. So me di sc ussion along thi s lin e has recently appeared in an article by Staras [1964] .
Conclusions
This study has prese nte d Clemmow and Mulally's [1955] co mpre he nsive classification of the di spersion c urv es, and figure 1 offers a useful graphical representati on of thi s classification. Since the shapes of these c urves play an important role in the calculation of the far fi elds, this classifi cation permits a rough predic tion of some of the pattern c haracteristics of the far field s of a dipole for any choi ce of the plasma parameters X and Y. It can also be useful in the selection of plasma parame ters in practical cases where only the ordinary or extraordinary wave is desired. This may find application in the study of pattern synthesis for sources in anisotropic media.
It can be seen from (l4a) that, when the refrac tive index curve has open branches, I/lmn = () for some e, and Am" goes to infinity. Furthermore, if a curve contains points of inflection, the Gaussian radius of curvature is zero and again field infinities will occ ur in this asymptotic evaluation. However, these infinities are re mova ble as pointed out in the pre vious section. We can also note that if the refractive index c urve is closed and has no points of inA ec tion the corresponding fields will be finite for all e. Th ese observation s are born e out by th e calc ulation s .
Another interes ting observation is that th e total fi eld pattern in many cases turn s out to be considerably differe nt from the individual co mpone nt pattern s. It should be repeated that in general the total field pattern is de pe nd ent on the di stan ce of the point of observation from the source because of interfer en ce between th e two co mpon e nts. Exceptions occur whe n the individual patterns are highly direc tive and their main direc tion s of radiation do not overlap and, of course, when one component is either abse nt or is largely dominated by the oth e r.
